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By using the minisuperspace model for the interior metric of static black holes, we 
solve the Wheeler-DeWitt equation to study quantum mechanics of the horizon geometry. 
Our basic idea is to introduce the gravitational mass and the expansions of null rays as 
quantum operators. Then, the exact wave function is found as a mass eigenstate, and 
the radius of the apparent horizon is quantum-mechanically defined. In the evolution of 
the metric variables, the wave function changes from a WKB solution giving the classical 
trajectories to a tunneling solution. By virtue of the quantum fluctuations of the metric 
evolution beyond the WKB approximation, we can observe a static black hole state with 
the apparent horizon separating from the event horizon. 
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§1. Introduction 

Since the discovery of the Hawking radiation, much work has been devoted to the 
analysis of the quantum evaporation of black holes. In particular, the problem of final fates 
of evaporating black holes has been much debated. In Hawking's semiclassical calculation, 
the emitted radiation was found to be exactly thermal. Then, if a black hole evaporates 
completely, an initially pure quantum state must evolve to a mixed state. This is known 
as the information loss paradox. As was emphasized by Preskilfl), it is very difficult to 
resolve the serious puzzle in quantum mechanics and general relativity. Before reaching 
the final resolution, we must develop quantum theories of the black hole geometry. 

A possible way of treating the horizon as a quantum system is to apply the Wheeler- 
DeWitt equation to spherically symmetric spacetimes. In the superspace canonical for- 
mulation, the Hamiltonian and momentum constraints work as quantum equations for the 
physical state which is a functional of the metric variables. To make the calculation 
tractable, Rodrigues et alS proposed a black hole minisuperspace model and derived the 
simplified Hamiltonian constraint. Unfortunately their model was found to be incompat- 
ible with the momentum constraintH^ The compatibility between the two constraints 
can be recovered if we consider a local minisuperspace model valid near the apparent 
horizon®. From the wave function dependent on the local metric near the apparent hori- 
zon, we can derive the mass-loss rate due to the back-reaction of Hawking radiation and 
show the breakdown of the semi-classical result at the final stage of complete evapora- 
tion. The Wheeler-DeWitt approach will be viable as a quantum theory of the horizon. 
To advance this prospect, in this paper, we want to clarify another quantum feature of 
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the horizon from the Wheeler-DeWitt equation. 

We will consider static states of a spherically symmetric black hole instead of its 
evolutionary states. In classical relativity the apparent horizon is always located just 
on the event horizon. The degeneracy of the two horizons can be removed owing to 
quantum fluctuations of the metric. This was first pointed out by YorkB under the 
semiclassical approximation (which treats the time-averaged vacuum Eisntein equations), 
and the notion of "quantum ergosphere" was introduced to explain the origin of black 
hole radiance. The purpose of our work is to give a Wheeler-DeWitt description for the 
interesting quantum phenomenon. 

For any static, spherically symmetric spacetimes we can choose the metric dependent 
on a radial coordinate r only. Note that if we are concerned with the interior geometry 
of black holes, the coordinate r plays the role of a time coordinate, and we have a time 
slicing on the homogeneous spatial hypersurface r =const. Because of this homogeneity 
the momentum constraint becomes trivial, and the Hamiltonian constraint reduces to a 
partial differential equation. 

In |2] we construct the canonical variables from the metric for the interior geometry 
and write down the Hamiltonian. The spherically symmetric metric permits us to intro- 
duce the locally-defined gravitational mass© and the expansion of null geodesies, which 
are represented by the canonical variables. The mass is required to be conserved for the 
spherically symmetric Ricci fiat system, and the expansion of null geodesies is used to 
determine the radius of the apparent horizon. Our key idea is to treat these geometrical 
quantities as quantum-mechanical operators. Nambu and SasakiB^ discussed the WKB 
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solutions of the Wheeler-DeWitt equation by using classical trajectories in the minisuper- 
space. In |3] we specify the exact solution representing the interior of the static hole as 
an eigenstate of the mass operator. (The Appendix contains some other examples of the 
mass eigenstate.) 



From the wave function, in |§4], we discuss the quantum separation of the apparent 
and event horizons. In the minisuperspace of the metric variables we find the classically 
forbidden region between the two horizons where the classical action becomes imaginary. 
It is shown that the Wheeler-DeWitt equation can give a plausible wave function to model 
quantum fluctuations of the horizon geometry. 

In this paper, we denote the Planck constant and the Newton's gravitational constant 
by h and G, respectively, and we use units such that the light velocity c = 1. 



§2. Quantum Operators 

We follow the standard canonical formulation of general relativity, by choosing a time 
slicing. The Einstein Lagrangian density is decomposed into the extrinsic and intrinsic 
curvatures of a spatial hypersurface. To construct the Hamiltonian and momentum con- 
straints, we give the canonical momentum conjugate to the 3-metric on the hypersurface. 

Let us consider the extended Schwarzschild spacetime with the metric written in the 
form 

ds^ = dT'^ + udX^ + v{d9^ + sin^ edcj)"^), (2.1) 

where a is the lapse function. A Cauchy surface of the whole spacetime may be chosen 
as a 3-surface T =const., which is the solid line drawn in Fig.l. On the straight line 
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segment (A) of the hypersurface, T should be regarded as the Kruskal time-coordinate, 
and the metric coefficients u and v will depend on both T and X. However, on the curved 
line segment (B), T can be identical with the Schwarzschild spherical coordinate r which 
works as a time-coordinate inside the black hole, and under the gauge choice a = 1 the 
metric given by 

2Gm ^r, 
u = ^-l, v = T' (2.2) 

becomes independent of the coordinate X. In this paper we will treat the metric fluctu- 
ations on the homogeneous part of the Cauchy surface (the curved line segment (B)), by 
assuming the Kantowski-Sachs minisurper space model such that a = a{T),u = u{T),v = 
v{T). 

The Einstein Lagrangian for this model inside the black hole reduces to 

V , vii uxP' „ , 

where the dots denote derivatives with respect to the coordinate T, and the length V = 
/(^-) dX of the line segment (B) is assumed to be a finite constant. From the Lagrangian 
( p.3| ) we obtain the canonical momenta conjugate to the variables u and v 

nn = - — -, n, = - — (- + — ), (2.4) 
4G a 4G a av 

and the Hamiltonian written in the form 

H = UuU + U^v — L 
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(2.5) 



which gives the dynamical constraint H = 0. 



To quantize the system, we make the usual substitutions for the momenta 

„ h d „ h d , , 

^ -— , n„ -— . (2.6) 

t OU I ov 

Then the quantum state of the black hole interior is represented by the wave function 
f) on the minisuperspace, which satisfies the Wheeler-DeWitt equation 

Hm = 0. (2.7) 

To discuss quantum mechanics of the horizon geometry from the wave function, we 
introduce some geometrical quantum operators. For the spherically symmetric metric 
satisfying the vacuum Einstein equations, we have a locally defined gravitational mass M 
as a dynamical constant. If we use the canonical momenta (|2.4| ), M has the form 



2GuUl v^/^ 

which is weakly commutable with the Hamiltonian as follows, 

iH,M]^ = -^-^H^ = 0. (2.9) 

This commutation relation means that the physical state \1/ can be a mass eigenstate. 

Inside the black hole there exists a trapped region bounded by the apparent horizon, 
which is defined in terms of the expansion of null geodesies. Following CarteiS\ we 
consider a null- vector decomposition of the metric (|2.1|), 



9ab = -/3Jb - I3bla + lab, (2-10) 

with 

= ^''^a = 0, = -1, 

/''7a6 = /3'^7a6 = 0, (2.11) 
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where /° and are the vector fields tangent to outgoing and incoming null rays, respec- 
tively. In any spherical symmetric system, these two null-vectors are necessarily tanget 
to null geodesies. Then, from the expansions for outgoing and ingoing null rays given by 

e+ = + P'^lX.k, 9- = P% + l^P'Pa;b, (2.12) 

we obtain the useful relation 

9.9+ = (2.13) 



The substitution of Eq. ( |2.8| ) leads to 



In classical geometry, both 9+ and 9_ become negative in the trapped region, and 9+ = 
on the apparent horizon. The event horizon will be the null surface u = 0, where in the 
Schwarzschild spacetime the expansion 9+ also vanishes. In the quantum version we must 
treat 9^9+ as an operator. However, the canonical quantum theory of gravity gives no 
general procedure for extracting geometrical informations of the spacetime from the wave 
function. Fortunately, this obstacle can be partly overcome if we consider a static black 
hole state corresponding to an eigenstate of the mass opeator M; 

= m^, (2.15) 

where m is the mass eigenvalue and remains constant in the whole spacetime. In our 
minisuperspace model, the metric variables u and v will be observables on each homoge- 
neous spatial hypersurface T =const. (Here we assume that dynamical variables which 
are invariant under spatial coordinate transformations are true observalbes, even if they 



do not commute with the Hamiltonian constrainto^ Such dynamical variables can be the 
3-Ricci scalar ^^^R = 2/v and 3-volume 4:^^V^/uv of a hypersurface T =const.) Then, for 
the mass eigenstate Eq.( |2.14] ) assures that 6'_6'+ also is a observable on each hypersur- 
face. If the condition \I'*6'_6'+^ > (i.e., f^^^ < 2Gm) is satisfied on a hypersurface, it 
will mean a trapped surface. The apparent horizon will be just the hypersurface where 
\1'*^^_^^+^ = 0. ( Note that each hypersurface is topologically R x 5^. The variable v^^"^ 
denotes a proper radius of S"^ and characterizes the position of the hypersurface in the 
spacetime.) In general, the event horizon can be defined as a null surface which has a finite 
proper radius of S'^. This definition will be valid in quantum geometry, in which u and 
V become observables. We can observe the null surface u = among various T =const. 
hypersurfaces with finite v as the event horizon. Thus, in the minisuperspace with the 
coordinates u and v, we require the positions of the apparent and event horizons to be 
yi/2 _ 2Gm and m = respectively. The important point is that the wave function allows 
us to observe a nonvanishing value of the variable u on the hypersurface v^/"^ = 2Gm as 
a result of quantum separation of the two horizons. In fact, Eq.( |2.8| ) means that u may 
not vanish on the hypersurface f = 2Gm by the virtue of the uncertainty principle 
An ■ An„ ~ h. 

§3. Wave Function 

For the canonical quantization of the theory, we meet with the problem of operator 
ordering. Taking account of this ambiguity, we write the Hamiltonian operator in the 
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form 

= _ _n.n„ + ^^-^). (3.1) 



Then, to keep the commutation relation ( p.9|) , the mass operator must be 



The Wheeler-DeWitt equation = supplemented by the condition ( |2.15| ) of the mass 
eigenstate gives the unique exact solution 

m = N- -^—j:r-H^^\z), (3.3) 

where N is an arbitrary constant, and 



V 

z 



— ^-u{v-2Gmv^l^). (3.4) 

We can obtain similar solutions for quantum extensions of the Reissner-Nordstrom and 
Schwarzschild-de Sitter metrics (see Appendix). The choice of H^\z) instead of H^^\z) 
is verified because for the WKB approximation valid in the region z > 1 the wave function 
behaves as 

* ~ (3.5) 
where hz corresponds to the classical action S of the form 

S = ^^/^^4^^^~^2G^^^^. (3.6) 

This classical action corresponds to one obtained by Nambu and Sasaki 0\ and by Fischler 
et ali. 
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Because the Hamilton- Jacobi theory requires 

from Eqs.( p.4|) and (|3.7| ) the WKB wave function gives the trajectories of classical solutions 
on the {u, f ^/^)-plane as follows, 

« = -c(l-^), (3.8) 

where c is the positive constant of integration, and Vg = 2Gm. The classical trajectories 
with different c represent only one physical trajectory, since the constant c appears owing 
to the degree of freedom of the scale transformation of the coordinate X. The action S 
vanishes at the classical singlarity f = 0, where the WKB approximation should break 
down. This occurs also on the apparent horizon r = and the event horizon u = 0. 
Thus quantum evolutionary paths of the metric variables near the horizons can deviate 
from Eq. p.8| ) which is derived from the semiclassical wave function 

§4. Separation of Two Horizons 

On the classical trajectories given by Eq. ( |3.8| ) the action ( |3.6| ) remains real. However, 
the exact solution ( p.3| ) permits us to consider the region where arg^; is chosen to be n/2. 
(We require that in the region where z becomes a pure imaginary \1/ must exponentially 
decrease as \z\ increases. In the following discussions we need not specify the values of 
the non-WKB terms, such as z^, contained in Let us divide the (u, f ^/^)-plane into 
the following four regions shown in Fig. 2a: The region A and B where m > represent the 
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metric of the black hole interior, while the metric outside the event horizon occupies the 
regions C and D where u < 0. The metric on the trapped surface where \E'*^_^^_|_\E' > 
must be a point in the region A and C where f < r^. 

Note that the boundary f = Vg between A and B (or between C and D) represents 
the metric on the apparent horizon where = 0. In other words, T = const. 

surface represented by f = Vg is the apparent horizon. Unless m = on the boundary, 
we have a geometrical structure of the apparent horizon which is separated from the 
event horizon. Of course, the classical trajectories (|3.8| ) which cover the regions A and D 
always pass through the point given by u = and f = r^, where the two horizons are 
degenerate. In fact, for the mass eigenstate we have the equation 

T/2 1/2 

um^u'-m^^ = -^{rg - v'/^)^, (4.1) 

(see Eg. ( ^.13D ) which means the existence of a potential barrier to make = v vanish 
on the boundary f^/^ = Vg. Any wave packet with the oscillatory form ( pj.5D in the 
classically allowed region A may not be able to propagate across the boundary, except 
the gate opened at m = 0. However, when 2; < 1 in the region A (see Fig. 2b), the WKB 
approximation breaks down, and quantum evolutionary paths of the metric variables u 
and V will considerably fluctuate from the classical ones. This can be also seen from the 
fact that the wave function (|3.3|) becomes almost independent of the variables u in the 
limit f Tg. Though the notion of probability is quite obscure, the usual quantum- 
mechanical interpretation will reject the dominant contribution of the black hole state 
with completely degenerate horizons. The equation ( |3.3| ) rather describes the quantum 
penetration of the wave function into the classical forbidden region B. Because 11^ < 
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in the region B, the metric variable v evolves with the imaginary time. If \z\ > 1, then 
wave function exponentially decreases. Therefore, to avoid the high potential barrier, this 
tunneling process will occur through the limited region 1^1 < 1 and induce the evolution 
of u toward the boundary u = between the regions B and D. 

Recall that our canonical analysis is not applicable to the region C and D (m < 0), 
because the T=const. hypersurface becomes timelike outside the event horizon. Never- 
theless, the analytical continuation of Eq. (|3.3|) to m < shows plausible behaviors of the 



wave function: There exist the classical trajectories ( |3.8| ) in the region D, and the WKB 
approximation breaks down near the boundary u = 0. Though in this paper we have 
no precise analysis of the wave function for the metric in the region C and D, we can 
claim that the wave function ( |3.3| ) gives a tunneling solution (in the region B) connecting 
two oscillatory solutions inside the apparent horizon and outside the event horizon. This 
connection should occur through the restricted region jz] < 1 near the two horizons. 

If one consider a tunneling process passing through the region C, the apparent horizon 
must be present outside the event horizon. This case will be more important in relation 
to the black hole radiance. In York's semiclassical argument, the separation of the two 
horizons is due to some mass fluctuations. To contain this effect, the wave function must 
be constructed by a superposition of Eq. (|3.3|) with different masses. Such a superposition 
will induce a spreading of the width of allowed classical trajectories, which need not pass 
through the point given by m = and v^^"^ = 2Gm [m is the averaged mass). Then, 
we can see the separation of the two horizons in the semiclassical level. However, this 
semiclassical mechanism will be a result (a backreaction) of the Hawking radiation rather 
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than its origin. If the separation of the two horizons has some relevance to the black hole 
radiance, we must explain the origin in terms of the quantum tunneling process discussed 
here. This point should be investigated in future works, which include a more precise 
derivation of the wave function outside the event horizon. 

In summary, under the minisuperspace model with metric variables u and v of the black 
hole interior, we have found the exact wave function as a mass eigenstate, by introducing 
the quantum operators corresponding to the gravitational mass and the expansions of 
null rays. The wave function describes a change from the WKB solution giving classical 
trajectories to the tunneling solution representing the separation of the apparent and 
event horizons. The quantum fluctuations beyond the WKB approximation must become 
important in the restricted region \z\ < 1. For example, the classical trajectory given 
hy u — —(1 — Tg/v^/'^) enters into the tunneling region, when the variable v evolves into 
the range \{v'^^'^ /rg) — 1| < Ip/Vvg. If the gravitational radius r-g is much larger than the 
Planck length Ip, the tunneling region remains very narrow, and the separation of the two 
horizons becomes neghgibly small {V > Ip) . This fits well the standard point of view that 
any quantum effects must be suppressed for large black holes. Thus we conclude that the 
Wheeler- De Witt approach based on the canonical quantization of geometrical quantities 
is useful for quantum mechanics of the horizon. 
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Appendix 
Wave Functions of Mass Eigenstates 

In the text we have considered the Wheeler-DeWitt equation constructed form the 
Hamiltonian constraint for the vacuum Einstein equation, and the wave function has 
been found as an eigenstate of the quantum mass operator. This idea can be apphed to 
some other static systems of the spherically symmetric metric. Here we give the wave 
functions analogous to Eq.(|3.3|) as quantum extensions of the Reissner- Nordstrom and 
Schwarzschild-de Sitter metrics. 
First, let us add the term 

^ (A.1) 

to the Lagrangian ( |2.3|) , where A is the electric potential dependent only on T inside the 
black hole. Then we can obtain the total Hamiltonian 

Ht = H + (A.2) 

where H^ is the canonical momentum conjugate to A. Under the gauge choice a = 1, the 
Reissner-Nordstrom metric is given by 

2Gm g2 

u = -{l — + v = T. (A.3) 

In the classical level, Hamiltonian constraint requires 

ni = ^Q'. (A.4) 
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This can remains valid in the quantum level, because we have the commutation relation 

[IIa,H] = 0. (A.5) 

Further we can find the total mass operator Mr defined by 

Mt=M+J^, (A.6) 

which is weakly commutable with Ht as follows, 

lHT,MT]-^-^Hr. (A.7) 

These commutation relations assure the existence of the exact solution with the eigenval- 
ues of total mass m and charge Q/VG for the Wheeler-DeWitt equation, and we obtain 
the wave function 

* = ^7 .r. ^"1/9 -^p'^ (^)e±'«/^^ (A.8) 



where 



VMv - '2Gmv'/' + Q') ^^^^ 



In the (m, w-'^/^)-planc the separation of the apparent horizon (u — 2Gmv^/'^ + = 0) and 
the event horizon {u — 0) can be discussed in the same way. It is interesing to note that 
for the case Q > Gm no apparent horizon appears in the quantum level also. The black 
hole interior m > may appear in the classically forbidden region < 0. However, the 
metric variables in the region u < can evolve to v = along classical trajectories without 
violating the WKB condition z"^ > 1. Thus no quantum penetration of the evolutionary 
paths into the region u > occur, and no black hole state will be observed. 
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Next, let us introduce the cosmological constant A into the Einstein equations. Then 
the Lagrangian ( |2.3| ) has the additional term 

V 

La = -^A«^> (A.IO) 
and the total Hamiltonian Ht is given by 

Ht = H + ^Av. (A. 11) 

Under the gauge choice a = 1 the Schwarzschild-deSitter metric becomes 

u = -{l--^--AT'), v = T\ (A.12) 
The total mass Mt defined by 

At;3/2 

Mt = M + —— (A.13) 
oG 

is weakly commutable with Ht- In this case the mass eigenstate for the Wheeler-DeWitt 
equation must be 



where 

(A.15) 



2 _ V^u^v - 2Gmv^/'^ - (A/3)t;2) 



The wave function ( |A.14D shows no new quantum feature, except that if GmyX > 1/3 
all the region m > is classically allowed. 
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Figure Captions 

Fig.l. : A time slicing indicated by the solid line in a part of the Kruskal diagram of 
the Schwarzschild spacetime. The spacelike hypersurface T— const, is decomposed into 
the straight line segment (A) and the curved hne segment (B). 

Fig. 2. : The (zi, i'^/^)-plane divided into four regions A, B, C and D. (a) The classical 
trajectories in the regions A and D, which are drawn by the solid lines corresponding to 
different c. (b) The breakdown of the WKB approximation in the shaded region \z\ < 1. 
Any clasical trajectories must enter into this region where quantum fluctuations become 
important, and the metric evolution can be along a tunneling path between A and D. 
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